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NONSEPARABLE UHF ALGEBRAS I: DIXMIER’S
PROBLEM
ILIJAS FARAH AND TAKESHI KATSURA
Abstract. There are three natural ways to define UHF (uniformly hy-
perfinite) C*-algebras, and all three definitions are equivalent for separa-
ble algebras. In 1967 Dixmier asked whether the three definitions remain
equivalent for not necessarily separable algebras. We give a complete
answer to this question. More precisely, we show that in small cardi-
nality two definitions remain equivalent, and give counterexamples in
other cases. Our results do not use any additional set-theoretic axioms
beyond the usual axioms, namely ZFC.
1. Introduction
Let A be a C*-algebra and let ε be a positive number. For an element x
of A and a subset F of A, we write x ∈ε F if there exists y ∈ F such that
‖x − y‖ < ε. For two subsets F ,G of A, we write F ⊆ε G if x ∈ε G for all
x ∈ F . For each n ∈ N, we denote by Mn(C) the unital C*-algebra of all
n × n matrices with complex entries. A C*-algebra which is isomorphic to
Mn(C) for some n ∈ N is called a full matrix algebra.
Definition 1.1. A C*-algebra A is said to be
• uniformly hyperfinite (or UHF ) if A is isomorphic to a tensor product
of full matrix algebras.
• approximately matricial (or AM ) if it has a directed family of full
matrix subalgebras with dense union.
• locally matricial (or LM ) if for any finite subset F of A and any
ε > 0, there exists a full matrix subalgebra M of A with F ⊆ε M ,
For a definition of tensor products, see Definition 2.16. The property
LM was called matroid in [6, Definition 1.1]. A UHF algebra is unital
by definition, and it is easy to see that UHF implies AM and that AM
implies LM. In [11, Theorem 1.13], Glimm shows that a unital separable
LM algebra is UHF (see also [6, Remark 1.3 and Theorem 1.6]). Thus for
separable C*-algebras, the three conditions UHF, unital AM and unital LM
coincide. Dixmier asked whether these three conditions coincide for general
C*-algebras in [6, Problem 8.1]. We show that this is not the case. To state
our results precisely, we need the following notion.
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2 ILIJAS FARAH AND TAKESHI KATSURA
Definition 1.2. The character density χ(A) of a C*-algebra A is the small-
est cardinality of a dense subset of A.
Hence A is separable if and only if its character density χ(A) is the first
infinite cardinal ℵ0. Note that χ(A) is equal to the smallest cardinality of
an infinite generating subset of A.
The following are our main results which completely answer [6, Prob-
lem 8.1]. Note that ℵ1 is the smallest uncountable cardinal.
Theorem 1.3. (1) For a C*-algebra with character density at most ℵ1,
AM and LM are equivalent.
(2) For every cardinal κ > ℵ1, there exists a unital LM algebra with
character density κ which is not AM.
(3) For every cardinal κ ≥ ℵ1, there exists a unital AM algebra with
character density κ which is not UHF.
Proof. (1) Follows from Proposition 5.2 and Proposition 5.6.
(2) Follows from Proposition 6.10 and Proposition 6.12.
(3) Follows from Proposition 4.5. 
In (3), we can also control the representation density (defined in Defi-
nition 7.1) of the example (Theorem 7.17). In particular, we distinguish
between AM algebras and UHF algebras faithfully represented on a separa-
ble Hilbert space.
Results similar to (1) and (2) hold for approximately finite-dimensional
(AF) algebras.
Definition 1.4. A C*-algebra A is said to be
• approximately finite-dimensional (or AF ) if it has a directed family
of finite-dimensional subalgebras with dense union.
• locally finite-dimensional (or LF ) if for any finite subset F of A and
any ε > 0, there exists a finite-dimensional subalgebra D of A with
F ⊆ε D.
It is easy to see that AF implies LF. In [3, Theorem 2.2] Bratteli proved
that for a separable C*-algebra, AF and LF are equivalent. We get the
following.
Theorem 1.5. (1)’ For a C*-algebra with character density at most ℵ1,
AF and LF are equivalent.
(2)’ For every cardinal κ > ℵ1, there exists an LF algebra with character
density κ which is not AF.
Proof. (1)’ Follows from Proposition 5.6.
(2)’ Follows from Proposition 6.10 and Proposition 6.12. 
A C*-algebra is AM (resp. AF) if and only if it is obtained as a direct
limit of full matrix algebras (resp. finite-dimensional algebras) over a general
directed set (not necessarily a sequence). On the other hand, it is not hard
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to see that a C*-algebra is LM (resp. LF) if and only if it is obtained as
a direct limit of (separable) AM (resp. AF) algebras (Lemma 2.13). Hence
the two theorems above imply the following.
Corollary 1.6. The classes of AM algebras and AF algebras are not closed
under taking direct limits.
Some of the results of the present paper were announced in [14]. By
extending our methods the first author constructed an AM algebra that has
faithful irreducible representations both on a separable Hilbert space and on
a nonseparable Hilbert space ([8]). In the sequel to this paper [10] we show
that the classification problems for UHF and AM algebras are significantly
different.
Organization of the paper. In §2 we set up the toolbox used in the paper.
In §3 we use the Jiang–Su algebra to distinguish LM algebras from UHF
algebras. σ-complete directed systems are used in §4 to distinguish between
AM and UHF algebras. The relation between AM and LM algebras as well
as the one between AF and LF algebras are explained in §5 and §6. In §7 we
introduce the representation density, and using it distinguish between AM
algebras and UHF algebras faithfully represented on a given Hilbert space.
2. Preliminary
In the present section we fix the terminology and prove some standard
facts from set theory, σ-complete directed systems and tensor products (re-
spectively).
2.1. Set theory. By X ∐ Y we denote the disjoint union of sets X and Y .
If f : X → Y and Z ⊆ X then we write f [Z] = {f(z) : z ∈ Z} instead of
the notation f(Z) commonly accepted outside of set theory. Let us denote
the cardinality of a set X by |X|. The countable infinite cardinal and the
smallest uncountable cardinal are denoted by ℵ0 and ℵ1, respectively. The
smallest uncountable ordinal is denoted by ω1.
Lemma 2.1. Let X be a set. For each x ∈ X, choose a countable subset
Yx ⊆ X with x ∈ Yx. If |X| > ℵ1 then one can find two elements x, y ∈ X
such that x /∈ Yy and y /∈ Yx.
Proof. Take Z ⊆ X with |Z| = ℵ1. Choose x ∈ X \
⋃
z∈Z Yz and y ∈ Z \Yx.
Then x and y are as required. 
Remark 2.2. The conclusion may be false if |X| ≤ ℵ1. To see this consider
X = ω1 and Yx = {y ∈ ω1 : y ≤ x} for x ∈ ω1.
Definition 2.3. A directed set Λ is said to be σ-complete if every countable
directed Z ⊆ Λ has the supremum supZ ∈ Λ.
The ordered set ω1 is σ-complete. The following is another σ-complete
directed set considered in this paper.
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Definition 2.4. For an infinite set X, we denote by [X]ℵ0 the set of all
countable infinite subsets of X, considered as a directed set with respect to
the inclusion.
Definition 2.5. Let Λ be a σ-complete directed set. A subset Λ0 of Λ is
said to be closed if for every countable directed Z ⊆ Λ0 we have supZ ∈ Λ0,
and cofinal if for every λ ∈ Λ there exists λ0 ∈ Λ0 such that λ  λ0.
A closed and cofinal subset is called a club.
A club is an abbreviation of a closed and unbounded set. The condition
‘unbounded ’ (meaning ‘not having an upper bound’) is equivalent to ‘cofinal’
for totally ordered sets such as ω1, but is strictly weaker than ‘cofinal’ for
general directed sets. A widely accepted custom among set theorists is
calling closed and cofinal subsets of [X]ℵ0 closed and unbounded sets (or
clubs). Reluctantly, we continue this unfortunate abuse of terminology in
our paper. This can be justified by the fact that ω1 and [X]
ℵ0 are the only
σ-complete directed sets that we will consider from the next section on.
Lemma 2.6. Let Λ be a σ-complete directed set. Let Λ0 and Λ
′
0 be clubs of
Λ and φ : Λ0 → Λ′0 be an order isomorphism. Then there exists a club Λ00
of Λ such that Λ00 ⊆ Λ0 ∩ Λ′0 and φ ↾Λ00= id.
Proof. Set Λ00 := {λ ∈ Λ0 ∩ Λ′0 : φ(λ) = λ}. It is easy to see that Λ00 is
closed. We will see that it is cofinal. Take λ ∈ Λ. Since Λ0 is cofinal, there
exists λ1 ∈ Λ0 with λ  λ1. Since Λ′0 is cofinal, there exists λ′1 ∈ Λ′0 with
λ1  λ′1 and φ(λ1)  λ′1. Recursively, we can find λn ∈ Λ0 and λ′n ∈ Λ′0 for
n = 1, 2, . . . such that
λn  λ′n, φ(λn)  λ′n, λ′n  λn+1, φ−1(λ′n)  λn+1.
Then
λ00 := sup{λn}∞n=1 = sup{λ′n}∞n=1 ∈ Λ0 ∩ Λ′0
satisfies φ(λ00) = λ00. Thus we have found λ00 ∈ Λ00 with λ  λ00. 
Lemma 2.7. Let X and Y be infinite sets. For a club C in [X∐Y ]ℵ0 , there
exists a club C0 in [X]
ℵ0 such that for every µ0 ∈ C0 there exists µ ∈ C with
µ0 = µ ∩X.
Proof. This is a well-known and very useful fact. We provide a proof for the
reader’s convenience.
Let [X]<ℵ0 denote the set of all finite subsets of X. Since C is cofinal,
we can find an increasing map f : [X]<ℵ0 → C satisfying s ⊆ f(s) for all
s ∈ [X]<ℵ0 by induction on |s|. We define g : [X]ℵ0 → [X∐Y ]ℵ0 by g(µ0) :=⋃
s⊆µ0
f(s) for µ0 ∈ [X]ℵ0 . For every µ0 ∈ [X]ℵ0 , we have µ0 ⊆ g(µ0) and
g(µ0) ∈ C because f is increasing and C is closed. We set
C0 := {µ0 ∈ [X]ℵ0 : µ0 = g(µ0) ∩X}.
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Then C0 is closed because for a countable directed Z ⊆ [X]ℵ0 , we have⋃
µ0∈Z
g(µ0) = g
( ⋃
µ0∈Z
µ0
)
.
It remains to show that C0 is cofinal in [X]
ℵ0 . Take λ0 ∈ [X]ℵ0 arbitrarily.
We define λ1, λ2, . . . ∈ [X]ℵ0 by λn+1 := g(λn) ∩ X for n = 0, 1, . . .. Then
{λn}∞n=0 is an increasing sequence in [X]ℵ0 and µ0 :=
⋃∞
n=0 λn is in C0.
Thus C0 is cofinal. Therefore we get a club C0 in [X]
ℵ0 as required. 
We note that by a well-known result of Kueker for every club C in [X]ℵ0
there exists h : [X]<ℵ0 → X such that every µ ∈ [X]ℵ0 closed under h belongs
to C.
2.2. σ-complete directed families of subalgebras. By a subalgebra of a
C*-algebra we mean a C*-subalgebra, and by a unital subalgebra of a unital
C*-algebra we mean a C*-subalgebra containing the unit of the original C*-
algebra. By a directed family {Aλ}λ∈Λ of subalgebras of a C*-algebra A, we
mean that Λ is a directed set, and λ  µ if and only if Aλ ⊆ Aµ. Thus by
definition Λ ∋ λ 7→ Aλ is injective.
Definition 2.8. A directed family {Aλ}λ∈Λ of subalgebras of a C*-algebra
A is said to be σ-complete if Λ is σ-complete and for every countable directed
Z ⊆ Λ, AsupZ is the closure of the union of {Aλ}λ∈Z .
In other words, a directed family {Aλ}λ∈Λ is σ-complete if
⋃
λ∈Z Aλ is in
the family for every countable directed Z ⊆ Λ.
Lemma 2.9. Let A be a C*-algebra, and let {Aλ}λ∈Λ be a σ-complete di-
rected family of subalgebras of A with dense union. Then for a club Λ0 ⊆ Λ,
the restriction {Aλ}λ∈Λ0 is also a σ-complete directed family with dense
union.
Proof. The restriction {Aλ}λ∈Λ0 is σ-complete because Λ0 is closed, and its
union is dense because Λ0 is cofinal. 
Lemma 2.10. Every C*-algebra A has a σ-complete directed family of sep-
arable subalgebras with dense union.
Proof. We can take the family of all separable subalgebras of A ordered by
the inclusion. 
Lemma 2.11. Let A be a C*-algebra, and let {Aλ}λ∈Λ be a σ-complete
directed family of subalgebras of A with dense union. For every separable
subalgebra A0 of A there exists λ ∈ Λ such that A0 ⊆ Aλ.
Proof. Let {a1, a2, . . .} be a dense sequence of A0. For each n ∈ N, one
can inductively find λn ∈ Λ such that ai ∈1/n Aλn for i = 1, 2, . . . , n and
λn−1  λn because the family {Aλ}λ∈Λ is directed and its union is dense in
A. Then λ := sup{λn : n ∈ N} ∈ Λ satisfies A0 ⊆ Aλ. 
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By the lemma above, we can see that the union of a σ-complete directed
family is automatically closed.
Proposition 2.12. Let A and B be C*-algebras, and {Aλ}λ∈Λ and {Bλ′}λ′∈Λ′
be σ-complete directed families of separable subalgebras of A and B with
dense union. Let Φ: A → B be an isomorphism. Then there exist clubs
Λ0 ⊆ Λ and Λ′0 ⊆ Λ′ and an order isomorphism φ : Λ0 → Λ′0 such that
Φ[Aλ] = Bφ(λ) for all λ ∈ Λ0. If Λ = Λ′, then one can take Λ0 = Λ′0 and
φ = id.
Proof. Let Λ0 be the set of all λ ∈ Λ such that there exists λ′ ∈ Λ′ with
Φ[Aλ] = Bλ′ . Similarly we define Λ
′
0 ⊆ Λ′ as the set of all λ′ ∈ Λ′ such that
there is λ ∈ Λ with Φ−1[Bλ′ ] = Aλ. Then there exists an order isomorphism
φ : Λ0 → Λ′0 such that Φ[Aλ] = Bφ(λ) for all λ ∈ Λ0. We are going to show
that Λ0 ⊆ Λ is a club. It is clear that Λ0 is closed. Take λ ∈ Λ. Since Aλ is
separable, there exists λ′1 ∈ Λ′ such that Φ[Aλ] ⊆ Bλ′1 by Lemma 2.11. By
the same reason, there exists λ1 ∈ Λ such that Φ−1[Bλ′1 ] ⊆ Aλ1 . Then we
have Aλ ⊆ Aλ1 . In this way, we can find sequences
Aλ ⊆ Aλ1 ⊆ Aλ2 ⊆ Aλ3 ⊆ · · ·
Bλ′1 ⊆ Bλ′2 ⊆ Bλ′3 ⊆ · · ·
such that Bλ′n ⊆ Φ[Aλn ] and Φ[Aλn ] ⊆ Bλ′n+1 for n = 1, 2, . . .. Let λ0 ∈ Λ
and λ′0 ∈ Λ′ be the supremums of {λn}∞n=1 and {λ′n}∞n=1. Then we have
Aλ0 =
⋃∞
n=1Aλn and Bλ′0 =
⋃∞
n=1Bλ′n . Since Φ[Aλ0 ] = Bλ′0 , we get λ0 ∈ Λ0.
This shows that Λ0 is cofinal, and hence it is a club. Similarly Λ
′
0 ⊆ Λ′ is
a club. This shows the former assertion. The latter assertion follows from
Lemma 2.6. 
Lemma 2.13. A C*-algebra A is LF if and only if it has a σ-complete
directed family of separable AF algebras with dense union.
Proof. We only need to prove the direct implication. We see that A has
a σ-complete directed family of separable subalgebras {Aλ}λ∈Λ with dense
union by Lemma 2.10. Since by [3, Theorem 2.2] every separable LF algebra
is AF, it suffices to show that the set Λ0 of all λ ∈ Λ such that Aλ is LF is a
club. Clearly Λ0 is closed. To show that Λ0 is cofinal, it suffices to see that
for any separable subalgebra A0 of A, there exists a separable subalgebra
A′0 containing A0 such that for any finite subset F of A0 and any ε > 0,
there exists a finite-dimensional subalgebra M of A′0 with F ⊆ε M . This is
easy to see. 
In the same way, one can show that a C*-algebra A is LM if and only if
it has a σ-complete directed family of separable AM subalgebras with dense
union.
Remark 2.14. Lemma 2.13 is just a special case of the downward Lo¨wen-
heim–Skolem theorem for logic of metric structures ([1], or [9] for a version
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suitable for study of C*-algebras and II1 factors). Similar arguments have
been used by C*-algebraists to reflect properties of nonseparable algebras to
separable subalgebras (see [2, II.8.5]) such as for example simplicity or the
existence of the unique trace.
2.3. Tensor products. In this subsection, we give a definition and some
properties of tensor products of C*-algebras. We try to avoid using results
on nuclear C*-algebras as much as possible. In fact, we use the nuclear-
ity only in Proposition 2.24 (and Lemma 2.22) which is used in the proof
of Proposition 4.5 (3). We are interested in tensor products of possibly
uncountably many unital C*-algebras, and for this purpose the maximal
tensor products are easier to treat than the minimal ones. We remark that
we mainly deal with nuclear C*-algebras for which there is no distinction
between the minimal tensor products and the maximal ones.
Definition 2.15. A family {Ax}x∈X of subalgebras of a C*-algebra A is said
to mutually commute if for distinct x, y ∈ X, every element of Ax commutes
with every element of Ay.
Definition 2.16. For a family {Ax}x∈X of unital C*-algebras, its (maximal)
tensor product
⊗
x∈X Ax is the C*-algebra having (an isomorphic copy of)
Ax as unital subalgebras for x ∈ X satisfying the following two properties:
(1) the family {Ax}x∈X of subalgebras of
⊗
x∈X Ax mutually commutes,
and its union
⋃
x∈X Ax generates
⊗
x∈X Ax.
(2) for a unital C*-algebra B and a family {ϕx}x∈X of unital ∗-homomor-
phisms ϕx : Ax → B such that {ϕx[Ax]}x∈X is a mutually commuting
family of unital subalgebras of B, there exists a unital ∗-homomor-
phism ϕ :
⊗
x∈X Ax → B such that ϕ ↾Ax= ϕx for all x ∈ X.
When Ax = A for all x ∈ X, we simply write
⊗
X A for
⊗
x∈X Ax.
It is not difficult to see that the tensor product exists and is unique. A
nice exposition of tensor products of C*-algebras can be found e.g., in [4].
The condition (2) is called the universal property of the tensor product. A
nice exposition of universal C*-algebras can be found e.g., [2, II.8.3].
Let A and B be unital C*-algebras. Since we consider A and B as unital
subalgebras of A⊗B, each a ∈ A and each b ∈ B are considered as elements
of A ⊗ B. Thus the product ab ∈ A ⊗B makes sense whereas this element
is usually denoted by a ⊗ b ∈ A ⊗ B. Similarly, for a family {Ax}x∈X of
unital C*-algebras and a finite family {ax}x∈Y of elements with ax ∈ Ax for
x ∈ Y ⊆ X, we denote by ∏x∈Y ax ∈ ⊗x∈X Ax the product of {ax}x∈Y .
Note that this product does not depend on the order of multiplications
because the family {ax}x∈Y in
⊗
x∈X Ax mutually commutes.
The referee pointed out that the version of the next lemma when A is as-
sumed to be nuclear and simple instead of LM is true (cf. [4, Corollary 9.4.6]).
Since one can prove that LM algebras are nuclear and simple, this gives a
proof of this lemma. We give an elementary proof for the reader’s conve-
nience.
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Lemma 2.17. Let A and B be unital subalgebras of a unital C*-algebra D
commuting with each other. If A is LM, then the natural map from A⊗B to
the C*-subalgebra C∗(A∪B) of D generated by A∪B ⊆ D is an isomorphism.
Proof. We first show the statement in the case that A is a full matrix algebra
Mn(C). Let {ei,j}ni,j=1 be a matrix unit of A ∼=Mn(C). Then every element
of A ⊗ B can be written as ∑ni,j=1 ei,jbi,j for bi,j ∈ B. In C∗(A ∪ B) ⊆ D,
we have
bi′,j′ =
n∑
k=1
ek,i′
( n∑
i,j=1
ei,jbi,j
)
ej′,k
for i′, j′ = 1, 2, . . . , n. Hence if an element
∑n
i,j=1 ei,jbi,j ∈ A ⊗ B is sent
to 0 ∈ D by the natural map A ⊗ B → D, then bi,j = 0 for all i, j which
implies
∑n
i,j=1 ei,jbi,j = 0 in A⊗ B. Thus when A is a full matrix algebra,
the natural map A⊗B → C∗(A∪B) is injective, and hence an isomorphism.
Now suppose that A is LM. Let π : A⊗B → C∗(A∪B) be the natural map.
Take x ∈ A⊗B. Take ε > 0 arbitrarily. Then there exist a1, a2, . . . , an ∈ A
and b1, b2, . . . , bn ∈ B such that∥∥∥x− n∑
i=1
aibi
∥∥∥ < ε.
Since A is LM, we may assume (by perturbing ai’s slightly if necessarily)
that a1, a2, . . . , an ∈M for some unital full matrix subalgebraM of A. Then
by the first part of the proof, we have∥∥∥ n∑
i=1
aibi
∥∥∥ = ∥∥∥π( n∑
i=1
aibi
)∥∥∥.
Hence we get ∣∣‖x‖ − ‖π(x)‖∣∣ < 2ε.
Since ε was arbitrary, we have ‖x‖ = ‖π(x)‖. This shows that the natural
map π : A⊗B → C∗(A ∪B) is injective, and hence an isomorphism. 
We take advantage of Lemma 2.17 and use the notation A⊗B whenever
it is justified by this lemma. Note that this lemma is false if we replace
LM by LF. To see this, just consider A = B = D = C ⊕ C. For a family
{Ax}x∈X of unital C*-algebras, and unital subalgebras Dx ⊆ Ax, we some-
times denote by
⊗
x∈X Dx the subalgebra of
⊗
x∈X Ax generated by the
mutually commuting family {Dx}x∈X of unital subalgebras of
⊗
x∈X Ax. In
fact, this unital subalgebra is the image of the ∗-homomorphism from the
tensor product
⊗
x∈X Dx to
⊗
x∈X Ax, but no confusion should arise.
We use the following well-known fact without mentioning. We give its
proof for the reader’s convenience.
Lemma 2.18. Let A and B be unital C*-algebras, and A0 ⊆ A and B0 ⊆ B
be unital subalgebras. Then we have (A0 ⊗B0) ∩B = B0 in A⊗B.
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Proof. Take a state ϕ of A. Define a linear map E : A⊗B → B by E(ab) =
ϕ(a)b for a ∈ A and b ∈ B. Since E(b) = b for b ∈ B and E(A0 ⊗B0) ⊆ B0,
we get (A0 ⊗B0) ∩B ⊆ B0. The inverse inclusion is easy to see. 
For two families {Ax}x∈X1 and {Ax}x∈X2 of unital C*-algebras, the tensor
product
⊗
x∈X1∐X2
Ax is naturally isomorphic to( ⊗
x∈X1
Ax
)
⊗
( ⊗
x∈X2
Ax
)
.
We identify these two tensor products. In particular, we can and will con-
sider
⊗
x∈Y Ax as a unital subalgebra of
⊗
x∈X Ax for a subset Y of X.
We use the convention that
⊗
x∈Y Ax = C for Y = ∅. We remark that the
subalgebra
⊗
x∈Y Ax coincides with
⊗
x∈X Ax for a subset Y of X if and
only if Ax = C for all x ∈ X \ Y .
The following is easy to see.
Lemma 2.19. Let {Ax}x∈X be an infinite family of unital C*-algebras, and
set A =
⊗
x∈X Ax. Then {
⊗
x∈λAx}λ∈[X]ℵ0 is a σ-complete directed system
of subalgebras of A with dense union. 
Lemma 2.20. If A =
⊗
x∈X Ax, X is infinite, and each Ax is separable
and not C, then the character density χ(A) of A is equal to |X|.
Proof. Fix a countable dense Cx ⊆ Ax for each x. Their union has cardi-
nality |X| and generates A. This shows χ(A) ≤ |X|. Take a subset Z ⊆ A
with cardinality less than |X|. For each z ∈ Z, there exists λz ∈ [X]ℵ0 with
z ∈⊗x∈λz Ax by Lemma 2.19. Since the set ⋃z∈Z λz ⊆ X has cardinality
less than |X|, we can find x ∈ X outside of this set. Since Ax is not C, Z is
not dense in A. Hence χ(A) = |X|. 
For a unitary u of a unital C*-algebra A, an automorphism Adu on A
is defined by Adu(a) = uau∗ for a ∈ A. Let {Ax}x∈X be a family of
unital C*-algebras. By the universality, a family {αx}x∈X of automorphisms
αx on Ax determines the automorphism α on
⊗
x∈X Ax with α ↾Ax= αx
which we denote by
⊗
x∈X αx. For a subset Y ⊆ X and a family {αx}x∈Y
of automorphisms αx on Ax, we denote by
⊗
x∈Y αx the automorphism⊗
x∈X αx of
⊗
x∈X Ax where αx = idAx for x ∈ X \Y . For unitaries ux ∈ Ax
for x ∈ Y , we get an automorphism ⊗x∈Y Adux on A =⊗x∈X Ax. When
Y is finite, we get
⊗
x∈Y Adux = Adu where u =
∏
x∈Y ux ∈ A, but in
general,
⊗
x∈Y Adux is not in the form Adu for a unitary u of A.
2.4. Relative commutants. For a subset A of a C*-algebra B, we denote
by ZB(A) the relative commutant (or centralizer) of A inside B;
ZB(A) := {b ∈ B : ab = ba for all a ∈ A}
which is a subalgebra of B if A is closed under the ∗-operation (for example
if A is a subalgebra). We avoid the common notation A′ ∩ B for ZB(A) in
order to increase the readability of certain formulas. For a subset A of a
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C*-algebra B, we denote by C∗(A) the subalgebra generated by A. Note
that ZB(C
∗(A)) = ZB(A) for a subset A closed under the ∗-operation. We
also note that ZB(A1 ∪A2) = ZB(A1) ∩ ZB(A2).
Lemma 2.21. Let A and D be unital C*-algebras. If A is LM, then
ZA⊗D(A) = D.
Proof. It is clear from the definition of tensor products that ZA⊗D(A) ⊃ D.
Take x0 ∈ ZA⊗D(A). For any ε > 0, there exist elements a1, . . . , an ∈ A
and d1, . . . , dn ∈ D such that ‖x0 −
∑n
i=1 aidi‖ < ε. Since A is LM, we may
assume that a1, . . . , an are in a full matrix unital subalgebra M of A. Let
E : A⊗D→ A⊗D be a contractive linear map defined by E(x) = ∫U uxu∗du
for x ∈ A⊗D where du is the normalized Haar measure on the unitary group
U of M . Since x0 ∈ ZA⊗D(A), we have E(x0) = x0. For a ∈M and d ∈ D,
we have E(ad) = tr(a)d where tr : M → C is the normalized trace. Hence
we have ‖x0 −
∑n
i=1 tr(ai)bi‖ < ε. This means that x0 ∈ε D. Since ε was
arbitrary, x0 ∈ D. Thus we get ZA⊗D(A) ⊆ D, and therefore ZA⊗D(A) = D.
We are done. 
By letting D = C in the lemma above, we see that the center ZA(A) of
an LM algebra A is C. Thus one can write the conclusion of Lemma 2.21 as
ZA⊗D(A) = ZA(A)⊗D. The referee pointed out that ZA⊗D(A) = ZA(A)⊗D
holds for minimal tensor products by [12, Theorem 1]. Since one can prove
that LM algebras are nuclear and satisfy ZA(A) = C, this gives an indirect
proof of Lemma 2.21.
To prove Proposition 4.5 (3), we need some facts on nuclear C*-algebras
(Lemma 2.22 and Proposition 2.24). When we apply Proposition 2.24 in the
proof of Proposition 4.5 (3), we use the fact that a UHF algebra is a tensor
product of separable nuclear C*-algebras because full matrix algebras are
nuclear. A nice exposition of nuclearity of C*-algebras can be found e.g., in
[4].
Lemma 2.22. Let A and D be unital C*-algebras, and A0 a unital subal-
gebra of A. Suppose that D is nuclear. Then ZA⊗D(A0) = ZA(A0)⊗D.
Proof. Clearly we have ZA(A0)⊗D ⊆ ZA⊗D(A0). Let
F := {c ∈ A⊗D : (id⊗ω)(c) ∈ ZA(A0) for all ω ∈ D∗}.
For a ∈ A ⊆ A⊗D and c ∈ A⊗D, we have
(id⊗ω)(ac) = a(id⊗ω)(c), (id⊗ω)(ca) = (id⊗ω)(c)a
for all ω ∈ D∗. Hence we get ZA⊗D(A0) ⊆ F . We claim that F =
ZA(A0)⊗D. This equality is usually referred to as the slice map property of
the triple (D,A,ZA(A0)) (see [4, Definition 12.4.3]). Here we remark that
the (maximal) tensor product considered in this paper coincides with the
minimal one because D is nuclear. By [4, Theorem 12.4.4 (2)] (see [4, Defi-
nition 12.4.1] and note nuclear⇔CPAP⇒SOAP), the triple (D,A,ZA(A0))
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has the slice map property becauseD is nuclear. Thus we have ZA(A0)⊗D =
ZA⊗D(A0). 
Definition 2.23. Let A be a unital C*-algebra, and A0 a unital subalgebra
of A. We say that A0 is complemented in A if C
∗(A0 ∪ ZA(A0)) = A.
In a tensor product A =
⊗
x∈X Ax of unital C*-algebras Ax, a subalgebra
AY =
⊗
x∈Y Ax is complemented for every subset Y of X.
Proposition 2.24. Let A be a unital C*-algebra. Suppose that there exists a
unital C*-algebra D such that A⊗D is a tensor product of separable nuclear
C*-algebras. Then for a σ-complete directed system {Aλ}λ∈Λ of separable
subalgebras of A with dense union, there exists a club Λ0 ⊆ Λ such that for
each λ ∈ Λ0, Aλ is complemented in A.
Proof. Fix a dense X ⊆ A and a dense Y ⊆ D. Then {C∗(µ)}µ∈[X∐Y ]ℵ0 is
a σ-complete directed family of separable subalgebras of A⊗D with dense
union. Since A⊗D is a tensor product of separable C*-algebras, A⊗D has
a σ-complete directed system of separable complemented subalgebras with
dense union by Lemma 2.19. Hence by Proposition 2.12, there exists a club
C ⊆ [X ∐ Y ]ℵ0 such that C∗(µ) is complemented in A ⊗ D for all µ ∈ C.
By Lemma 2.7 there exists a club C0 ⊆ [X]ℵ0 such that for every µ0 ∈ C0
there exists µ ∈ C with µ0 = µ ∩ X. By Lemma 2.9, {C∗(µ0)}µ0∈C0 is a
σ-complete directed family of separable subalgebras of A with dense union.
Hence by Proposition 2.12 applied with id : A → A, we get a club Λ0 ⊆ Λ
such that for each λ ∈ Λ0 there exists µ0 ∈ C0 with Aλ = C∗(µ0).
It remains to prove that Aλ is complemented in A for every λ ∈ Λ0.
Take λ ∈ Λ0. Then by the arguments above, there exists µ ∈ C such that
Aλ = C
∗(µ∩X). Then C∗(µ) is complemented in A⊗D, and we have Aλ ⊆
C∗(µ) ⊆ Aλ⊗D. Since A⊗D is a tensor product of nuclear C*-algebras, D
is nuclear by [4, Proposition 10.1.7]. Hence we get ZA(Aλ)⊗D = ZA⊗D(Aλ)
by Lemma 2.22. Therefore we have
A⊗D = C∗(C∗(µ) ∪ ZA⊗D(C∗(µ)))
⊆ C∗((Aλ ⊗D) ∪ ZA⊗D(Aλ))
= C∗
(
(Aλ ⊗D) ∪ (ZA(Aλ)⊗D)
)
= C∗(Aλ ∪ ZA(Aλ))⊗D.
This shows that Aλ is complemented in A and finishes the proof. 
3. LM but not UHF
Proposition 3.2 gives examples of unital LM algebras that are not UHF,
answering part of [6, Problem 8.1]. Recall that Z is the Jiang–Su algebra.
We shall need the following properties of Z proved in [13]:
• Z is a unital, separable C*-algebra which is not UHF.
• ⊗ℵ0 Z ∼= Z.• A⊗Z ∼= A for any infinite-dimensional separable UHF algebra A.
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Definition 3.1. The UHF algebra
⊗
ℵ0
M2(C) is called the CAR algebra.
Proposition 3.2. For two sets X and Y , define AX,Y :=
⊗
X M2(C) ⊗⊗
Y Z. Suppose that X is infinite. Then we have the following.
(1) AX,Y is a unital LM algebra with χ(AX,Y ) = |X| + |Y |.
(2) AX,Y is UHF if and only if |X| ≥ |Y |.
(3) AX,Y ⊗D is UHF for any UHF algebra D with χ(D) ≥ |Y |.
Proof. Since X is infinite, we can identify AX,Y with
⊗
X A⊗
⊗
Y Z where
A is the CAR algebra. For each λ ∈ [X]ℵ0 and λ′ ∈ [Y ]ℵ0 we set
Dλ,λ′ :=
⊗
λ
A⊗
⊗
λ′
Z ⊆ AX,Y
ThenDλ,λ′ is the CAR algebra for all λ and λ
′. Since {Dλ,λ′} is a σ-complete
directed system with dense union, we see that AX,Y is LM. By Lemma 2.20,
we have χ(AX,Y ) = |X|+ |Y |. This shows (1).
By rearranging the factors, we see that AX,Y is UHF if |X| ≥ |Y | and
that AX,Y ⊗D is UHF for a UHF algebra D with χ(D) ≥ |Y |. It remains
to show that AX,Y is UHF only if |X| ≥ |Y |. For the sake of obtaining
a contradiction, assume that |X| < |Y | and AX,Y is UHF. Let us denote
by Ax = M2(C) for x ∈ X and Ay = Z for y ∈ Y the unital subalgebra of
AX,Y so that AX,Y =
⊗
x∈X Ax⊗
⊗
y∈Y Ay. Let Φ: AX,Y →
⊗
z∈Z Mz be an
isomorphism where Z is a set and {Mz}z∈Z is a family of full matrix algebras.
For each x ∈ X, there exists a finite Fx ⊆ Z such that Φ[Ax] ⊆
⊗
z∈Fx
Mz.
If we set Z1 =
⋃
x∈X Fx ⊆ Z, then we get |Z1| = |X| and Φ
[⊗
x∈X Ax
] ⊆⊗
z∈Z1
Mz. Similarly, for each z ∈ Z1 there exists a finite Gz ⊆ Y such that
Mz ⊆ Φ
[⊗
x∈X Ax ⊗
⊗
y∈Gz
Ay
]
. If we set Y1 =
⋃
z∈Z1
Gz ⊆ Y , then we
get |Y1| ≤ |Z1| = |X| and⊗
z∈Z1
Mz ⊆ Φ
[⊗
x∈X
Ax ⊗
⊗
y∈Y1
Ay
]
.
Next for each y ∈ Y1 there exists a countable Cy ⊆ Z such that Φ[Ay] ⊆⊗
z∈Cy
Mz. If we set Z2 = Z1 ∪
⋃
y∈Y1
Cy ⊆ Z, then we get Z1 ⊆ Z2,
|Z2| = |X| and
Φ
[⊗
x∈X
Ax ⊗
⊗
y∈Y1
Ay
]
⊆
⊗
z∈Z2
Mz.
Recursively, we can find increasing sequences {Yk}nk=1 and {Zk}nk=1 of sub-
sets of Y and Z, respectively, such that |X ∐ Yk| = |Zk| = |X| and⊗
z∈Zk
Mz ⊆ Φ
[⊗
x∈X
Ax ⊗
⊗
y∈Yk
Ay
]
⊆
⊗
z∈Zk+1
Mz
for k = 1, 2, . . .. We set Y ′ :=
⋃∞
k=1 Yk ⊆ Y and Z ′ :=
⋃∞
k=1 Zk ⊆ Z. Then
we have |X ∐ Y ′| = |Z ′| = |X| and
Φ
[⊗
x∈X
Ax ⊗
⊗
y∈Y ′
Ay
]
=
⊗
z∈Z′
Mz.
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Since
⊗
z∈Z′ Mz is UHF and hence LM, we have
ZAX,Y
(⊗
x∈X
Ax ⊗
⊗
y∈Y ′
Ay
)
=
⊗
y∈Y \Y ′
Ay,
Z⊗
z∈Z Mz
(⊗
z∈Z′
Mz
)
=
⊗
z∈Z\Z′
Mz.
by Lemma 2.21. Thus we get Φ
[⊗
y∈Y \Y ′ Ay
]
=
⊗
z∈Z\Z′ Mz. Since |Y ′| ≤
|X| < |Y |, we see that Y \ Y ′ is infinite. Hence Z \ Z ′ is also infinite. By
Proposition 2.12 and Lemma 2.19, there exist C ∈ [Y \ Y ′]ℵ0 and C ′ ∈
[Z \ Z ′]ℵ0 such that Φ[⊗y∈C Ay] = ⊗z∈C′ Mz. This is a contradiction
because
⊗
y∈C Ay
∼= Z is not UHF. 
We thank the referee who pointed out an error of a proof of Proposi-
tion 3.2 (3) in an earlier draft. By Proposition 3.2, the unital C*-algebra
AX,Y is LM but not UHF if |X| < |Y |. When |X| = ℵ0 and |Y | = ℵ1, we
see that AX,Y is AM by Theorem 1.3 (1). In the other case, we do not know
whether AX,Y is AM or not.
Problem 3.3. Let X,Y be sets such that ℵ0 ≤ |X| < |Y | and ℵ1 < |Y |. Is
AX,Y =
⊗
X M2(C)⊗
⊗
Y Z AM?
4. AM but not UHF
In this section, for each infinite set X we define a unital AM-algebra
BX with χ(BX) = |X|, and show that BX , or even BX ⊗ D for a unital
C*-algebra D, is not UHF when |X| ≥ ℵ1.
Lemma 4.1. A C*-algebra generated by two self-adjoint unitaries v,w with
vw = −wv is always isomorphic to M2(C).
Proof. A C*-algebra A generated by two self-adjoint unitaries v,w with
vw = −wv is spanned (as a vector space) by 4 elements {1, v, w, vw}, and
it is noncommutative. Hence it is isomorphic to M2(C) which is the unique
noncommutative C*-algebra with dimension ≤ 4. A concrete isomorphism
from A to M2(C) is given by sending v and w to the unitaries(
1 0
0 −1
)
and
(
0 1
1 0
)
in M2(C). 
Let us take a set X. For each x ∈ X, let Ax be a C*-algebra generated by
two self-adjoint unitaries vx, wx with vxwx = −wxvx. By Lemma 4.1, Ax is
isomorphic to M2(C). We define a UHF algebra AX by AX :=
⊗
x∈X Ax
∼=⊗
X M2(C). We define an automorphism α on AX by α :=
⊗
x∈X Ad vx.
Note that α2 = id. Let {ei,j}2i,j=1 be a system of matrix units of M2(C),
and define an embedding
ι : AX ∋ a 7→ ae1,1 + α(a)e2,2 ∈ AX ⊗M2(C).
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Let u ∈ AX ⊗M2(C) be a self-adjoint unitary defined by u := e1,2 + e2,1.
Set BX := C
∗(ι(AX) ∪ {u}). We consider AX as a unital subalgebra of BX
and omit ι. Then we have ua = α(a)u for a ∈ AX and BX = {au + a′ :
a, a′ ∈ AX}.
Remark 4.2. The C*-algebra BX is nothing but the crossed product AX⋊α
(Z/2Z).
For Y ⊆ X, we denote by AY the subalgebra
⊗
x∈Y Ax ⊆ AX ⊆ BX ,
and define BY := C
∗(AY ∪ {u}) ⊆ BX . It is easy to see that AY ⊆ AX is
globally invariant under α, and hence BY = {au+ a′ : a, a′ ∈ AY }.
Lemma 4.3. If Y is infinite then ZBX (AY ) = AX\Y .
Proof. Since ZAX (AY ) = AX\Y by Lemma 2.21, it suffices to show that
ZBX (AY ) ⊆ AX . Take au + a′ ∈ ZBX (AY ) with a, a′ ∈ AX , and we will
show a = 0.
For any ε > 0 there is a finite F ⊆ X such that a ∈ε AF . Since Y is
infinite, pick y ∈ Y \F . The unitary wy ∈ AY satisfies uwy = −wyu. Hence
wy(au + a
′) = (au+ a′)wy yields (wya+ awy)u+ (wya
′ − a′wy) = 0. Since
bu + b′ = 0 for b, b′ in AX implies b = b
′ = 0, we have wya = −awy. Thus
we get
‖a‖ = ‖wya‖ = ‖wya+ wya‖/2 = ‖wya− awy‖/2.
Since a ∈ε AF and wy commutes with AF , we have ‖a‖ = ‖wya−awy‖/2 < ε.
Since ε was arbitrary, a = 0. We are done. 
Lemma 4.4. If Y ( X and Y is infinite, then BY is not complemented
in BX .
Proof. Since BY = C
∗(AY ∪ {u}), we have
ZBX (BY ) = ZBX (AY ) ∩ ZBX ({u}) = AX\Y ∩ ZBX ({u})
by Lemma 4.3. Hence
C∗(BY ∪ ZBX (BY )) =
{
au+ a′ : a, a′ ∈ AY ⊗ (AX\Y ∩ ZBX ({u}))
}
which does not contain wy ∈ AX\Y for y ∈ X \ Y . 
Proposition 4.5. (1) If X is infinite, then BX is a unital AM algebra
with χ(BX) = |X|.
(2) If X is uncountable, then BX is not UHF.
(3) If X is uncountable, then BX ⊗ D is not UHF for any unital C*-
algebra D.
Proof. (1) Suppose X is infinite.
Let us set
Λ = {(F, y) : F ⊆ X finite, and y ∈ X \ F}
and define
D(F,y) = C
∗
(
BF ∪ {wy}
) ⊆ BX .
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for (F, y) ∈ Λ. Then it is clear that {D(F,y)}(F,y)∈Λ is a directed family
with dense union. It remains to show that D(F,y) is a full matrix algebra for
(F, y) ∈ Λ. Take (F, y) ∈ Λ with |F | = n ∈ N. Then we have AF ∼=M2n(C),
and the restriction of α to AF coincides with Ad v where
v =
∏
x∈F
vx ∈ AF .
Then the two self-adjoint unitaries uv and wy in D(F,y) satisfy wy(uv) =
−(uv)wy and commute with AF . By Lemma 4.1, the subalgebra of D(F,y)
generated by uv and wy is isomorphic to M2(C), and commute with AF .
Since D(F,y) is generated by AF and this subalgebra, D(F,y) is isomorphic to
M2n+1(C). We are done.
(2) Suppose X is uncountable. Then {BY }Y ∈[X]ℵ0 is a σ-complete di-
rected family of separable subalgebras of BX with dense union. By Lemma 4.4,
neither one of these subalgebras is complemented. By Lemma 2.19, a UHF
algebra has a σ-complete directed system of separable complemented subal-
gebras with dense union. Hence BX cannot be UHF by Lemma 2.7.
(3) As in (2), BX has a σ-complete directed system of separable subal-
gebras with dense union neither one of which is complemented. By Propo-
sition 2.24, BX ⊗ D cannot be UHF for any unital C*-algebra D because
every UHF algebra is a tensor product of separable nuclear C*-algebras. 
Note that an example of a unital LM algebra A that is not UHF given in
Proposition 3.2 has the property that A⊗D is UHF for some UHF algebra
D, but the one given in Proposition 4.5 does not have this property.
The following answers [6, Problem 8.3] negatively although it was cer-
tainly known.
Corollary 4.6. There is a proper subalgebra A of the CAR algebra B such
that A is also CAR algebra and ZB(A) = C1. In particular, B 6= A⊗ZB(A).
Proof. Use Proposition 4.5 with X = N. Then AX is the CAR algebra. The
C*-algebra BX is also the CAR algebra because it is a separable unital LM
algebra obtained as a direct limit of algebras of the form M2n(C) by the
proof of Proposition 4.5. By Lemma 4.3, we have ZBX (AX) = C1. 
5. AM = LM and AF = LF for character density ≤ ℵ1
We first show AM = LM + AF. We use the following well-known result
repeatedly. Recall that a finite-dimensional C*-algebra D is isomorphic to a
direct sum of finitely many full matrix algebras (e.g., [5, Theorem III.1.1]),
and the cardinality |F | of a system F of matrix units of D as defined after
[5, Theorem III.1.1] coincides with the dimension of D.
Lemma 5.1 ([5, Corollary III.3.3]). Given d ∈ N, there exists δ > 0 so that
if D is a finite-dimensional subalgebra of a C*-algebra A with a system F of
matrix units such that |F | = d and B is a subalgebra of A such that F ⊆δ B,
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there exists a unitary u in the unitization of A satisfying uDu∗ ⊆ B and
commuting with D ∩B.
Moreover, for a previously given ε > 0 in addition to d, there exists δ > 0
such that one can choose u as above so that ‖u− 1‖ < ε. 
Proposition 5.2. A C*-algebra is AM if and only if it is LM and AF.
Proof. We only need to prove that if a C*-algebra A is LM and AF, then it
is AM. Take a directed family {Dλ}λ∈Λ of finite-dimensional subalgebras of
A with dense union. To show that A is AM, it suffices to show that for any
λ ∈ Λ there exists a full matrix subalgebra M containing Dλ and contained
in Dλ′ for some λ
′  λ. Then the set of such full matrix subalgebras is
directed and has dense union.
Take λ ∈ Λ. Let F be a system of matrix units of Dλ. Let δ > 0 be
as in Lemma 5.1 for d = |F | ∈ N. Since A is LM, it has a full matrix
subalgebra M0 such that F ⊆δ M0. By Lemma 5.1, there exists a unitary
u in the unitization of A satisfying uDλu
∗ ⊆ M0. Let F ′ be a system
of matrix units of u∗M0u. Let δ
′ > 0 be as in Lemma 5.1 for d = |F ′|.
Since {Dλ}λ∈Λ has dense union, there exists λ′ ∈ Λ such that λ′  λ and
F ′ ⊆δ′ Dλ′ . By Lemma 5.1, there exists a unitary u′ in the unitization of A
satisfying u′(u∗M0u)u
′∗ ⊆ Dλ′ and commuting with (u∗M0u) ∩Dλ′ . Since
Dλ ⊆ (u∗M0u) ∩ Dλ′ , the full matrix subalgebra M := u′(u∗M0u)u′∗ of A
satisfies Dλ ⊆M ⊆ Dλ′ . This completes the proof. 
By Proposition 5.2, the statement AM = LM is reduced to AF = LF
because LM implies LF. Thus we only show that AF = LF for character
density at most ℵ1 although the same argument as below works for showing
AM = LM directly by just changing “F” to “M” and “finite-dimensional”
to “full matrix” in all statements and proofs.
Lemma 5.3. Let A be a separable AF algebra. For an increasing sequence
{Dn}n∈N of finite-dimensional subalgebras of A there exists an increasing
sequence {D′n}n∈N of finite-dimensional subalgebras with dense union such
that
⋃
n∈NDn ⊆
⋃
n∈ND
′
n.
Proof. This is well-known to specialists, and can be shown in a similar way
to [5, Theorem III.3.5]. For the reader’s convenience, we give a proof.
Let {Bk}k∈N be an increasing sequence of finite-dimensional subalgebras
of A with dense union. We construct inductively an increasing sequence
{kn}n∈N in N and a sequence {un}n∈N of unitaries in the unitization of A
with ‖un−1‖ < 2−n such that for each n ∈ N the finite-dimensional algebra
un · · · u2u1Dnu∗1u∗2 · · · u∗n
is contained in Bkn and commutes with un+1. We first construct k1 and u1.
Choose k1 ∈ N such that F ⊆δ Bk1 where F is a system of matrix units of
D1 and δ > 0 be as in the latter statement of Lemma 5.1 for d = |F | and
ε = 2−1. By Lemma 5.1, there exists a unitary u1 in the unitization of A
satisfying u1D1u
∗
1 ⊆ Bk1 and ‖u1−1‖ < 1/2. Suppose that k1, . . . , kn−1 ∈ N
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and unitaries u1, . . . , un−1 were chosen. Choose kn ∈ N such that kn > kn−1
and F ′ ⊆δ′ Bkn where F ′ is a system of matrix units of
un−1 · · · u2u1Dnu∗1u∗2 · · · u∗n−1
and δ′ > 0 be as in the latter statement of Lemma 5.1 for d = |F ′| and
ε = 2−n. Lemma 5.1 gives us a unitary un in the unitization of A satisfying
unun−1 · · · u2u1Dnu∗1u∗2 · · · u∗n−1u∗n ⊆ Bkn ,
commuting with
un−1 · · · u2u1Dn−1u∗1u∗2 · · · u∗n−1 ⊆ un−1 · · · u2u1Dnu∗1u∗2 · · · u∗n−1 ∩Bkn
and satisfying ‖un − 1‖ < 2−n. Thus we get the desired sequences {kn}n∈N
and {un}n∈N.
Since ‖un− 1‖ < 2−n for all n ∈ N and
∑
n∈N 2
−n = 1 <∞, the sequence
{un · · · u2u1}n∈N converges to a unitary u in the unitization of A. Since
un · · · u2u1Dnu∗1u∗2 · · · u∗n = un+1un · · · u2u1Dnu∗1u∗2 · · · u∗nu∗n+1
⊆ un+1un · · · u2u1Dn+1u∗1u∗2 · · · u∗nu∗n+1,
un · · · u2u1Dnu∗1u∗2 · · · u∗n commutes with un+2. By repeating this argument,
one can see that un · · · u2u1Dnu∗1u∗2 · · · u∗n commutes with um for all m >
n. Hence we get uDnu
∗ = unun−1 · · · u2u1Dnu∗1u∗2 · · · u∗n−1u∗n ⊆ Bkn . We
set D′n := u
∗Bknu for n ∈ N. Then {D′n}n∈N is an increasing sequence
of finite-dimensional subalgebras with dense union such that
⋃
n∈NDn ⊆⋃
n∈ND
′
n. 
In the next lemma, for two families Υ = {Dλ}λ∈Λ and Υ′ = {D′λ}λ∈Λ′ of
subalgebras, Υ ⊆ Υ′ means that Λ ⊆ Λ′ and Dλ = D′λ for each λ ∈ Λ.
Lemma 5.4. Let A be a separable AF algebra contained in a separable AF
algebra A′. For a countable directed family Υ of finite-dimensional subalge-
bras of A with dense union, there exists a countable directed family Υ′ of
finite-dimensional subalgebras of A′ with dense union such that Υ ⊆ Υ′.
Proof. Let us write Υ = {Dλ}λ∈Λ. Since Λ is countable, we can choose a
subsequence {λn}n∈N of Λ such that
⋃
λ∈ΛDλ =
⋃
n∈NDλn . By Lemma 5.3,
there exists an increasing sequence {D′n}n∈N of finite-dimensional subalge-
bras of A′ with dense union such that
⋃
n∈NDλn ⊆
⋃
n∈ND
′
n. For each λ ∈ Λ,
there exists n ∈ N such that Dλ ⊆ D′n because Dλ is finite-dimensional. Let
Λ′ := Λ ∐ N, ordered by requiring that Λ and N have their natural order-
ings and λ  n if Dλ ⊆ D′n. Then the family Υ′ := {D′λ}λ∈Λ′ defined by
D′λ := Dλ for λ ∈ Λ satisfies the desired properties. 
Lemma 5.5. Each LF algebra of character density at most ℵ1 has a σ-
complete directed family of separable AF subalgebras with dense union in-
dexed by the ordinal ω1.
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Proof. Let A be an LF algebra with χ(A) ≤ ℵ1. Fix a dense subset {xγ :
γ ∈ ω1} of A, and define Aλ := C∗({xγ : γ < λ}) for each λ ∈ ω1. Then
{Aλ}λ∈ω1 is a σ-complete directed family of separable subalgebras of A.
By Lemma 2.13, A also has a σ-complete direct family of separable AF
subalgebras with dense union. By Proposition 2.12 applied with id : A→ A,
there is a club Λ ⊆ ω1 such that Aλ is AF for λ ∈ Λ. As ordered sets, Λ is
isomorphic to ω1, and {Aλ}λ∈Λ is the desired family. 
Proposition 5.6. Each LF algebra of character density at most ℵ1 is an
AF algebra.
Proof. Let A be an LF algebra with χ(A) ≤ ℵ1. Let {Aξ}ξ∈ω1 be a σ-
complete directed family of separable AF subalgebras of A with dense union
as in Lemma 5.5. Using transfinite recursion, we are going to construct
an increasing family of countable directed families Υξ of finite-dimensional
subalgebras whose union is dense in Aξ for each ξ ∈ ω1. For ξ = 0, choose
an increasing sequence of finite-dimensional subalgebras of A0 with dense
union, and set it Υ0. If Υξ has been defined, then Υξ+1 is defined using
Lemma 5.4. If η is a limit ordinal and Υξ has been defined for all ξ < η,
let Υη =
⋃
ξ<η Υξ. Since Aη is the closure of the union of {Aξ}ξ<η, Υη is as
required.
Finally let Υ =
⋃
ξ∈ω1
Υξ. Then this is a directed family of finite-
dimensional subalgebras of A with dense union. Thus A is an AF alge-
bra. 
The example of the following section easily shows that the version of
Lemma 5.4 for nonseparable algebras is false.
6. AM 6= LM and AF 6= LF for character density > ℵ1
In this section, we construct an LM algebra which is not AF. This C*-
algebra shows the difference between the classes of AM and LM algebras as
well as between the classes of AF and LF algebras. To show that a given
C*-algebra is not AF, we use the following criterion.
The converse direction in the following lemma was proved by George
Elliott, following a remark by Tamas Matrai, during the first author’s talk
at a set theory seminar in Toronto in April 2009.
Lemma 6.1. A C*-algebra A is AF if and only if there exists a map ρ : A→
A such that ‖a − ρ(a)‖ < 1 for every a ∈ A and C∗({ρ(a)}a∈F ) is finite-
dimensional for every finite subset F of A.
Proof. Assume A is AF and let {Aλ}λ∈Λ be a directed family of finite-
dimensional subalgebras of A with dense union. For each a ∈ A there exists
λa ∈ Λ such that there exists ρ(a) ∈ Aλa with ‖a − ρ(a)‖ < 1. For every
finite subset F of A there exists λ ∈ Λ such that λ  λa for all a ∈ F . Then
C∗({ρ(a)}a∈F ) ⊆ Aλ is finite-dimensional.
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Now assume that ρ : A → A is as in the statement of the lemma. If Λ is
the family of all finite subsets of A then Aλ = C
∗({ρ(a)}a∈λ) form a directed
family of finite-dimensional subalgebras of A. Fix a ∈ A and ε > 0. Let
λ = {a/ε}. Then ερ(a/ε) ∈ Aλ and ‖a− ερ(a/ε)‖ < ε. Since a and ε were
arbitrary, we conclude A is AF. 
We also use the following lemma (for the case when A is the CAR algebra)
in the proof of Proposition 6.12
Lemma 6.2. Let A be a unital LM subalgebra of a unital C*-algebra B.
Take a1, a2, . . . , an ∈ A and b1, b2, . . . , bn ∈ ZB(A). If (ai)ni=1 is linearly
independent in A and
∑n
i=1 aibi = 0 in B, then we have bi = 0 for all i.
Proof. Since A is LM, the natural map from A ⊗ ZB(A) to B is injective
by Lemma 2.17. It is well known that the inclusion map from the algebraic
tensor product of A and ZB(A) to the (maximal) tensor product A⊗ZB(A)
is injective (see [2, II.9.1.3]). The conclusion follows from these lemmas. 
Definition 6.3. We say that a pair (v1, v2) of self-adjoint unitaries v1, v2 in
a unital C*-algebra is generic if the family(
(v1v2)
n, (v1v2)
nv1
)
n∈Z
= (1, v1, v2, v1v2, v2v1, v1v2v1, v2v1v2, v1v2v1v2, v2v1v2v1, v1v2v1v2v1, . . .)
is linearly independent.
In other words, (v1, v2) is generic if and only if the map sending the natural
generators of the group algebra C((Z/2Z) ∗ (Z/2Z)) to v1, v2 is injective.
Lemma 6.4. Let v1, v2, w1, w2 be the four self-adjoint unitaries in the C*-
algebra C([0, 1],M2(C)) defined by
v1(t) =
(
1 0
0 −1
)
, v2(t) =
(
cos(πt) sin(πt)
sin(πt) − cos(πt)
)
,
w1(t) =
(
0 1
1 0
)
, w2(t) =
(− sin(πt) cos(πt)
cos(πt) sin(πt)
)
for t ∈ [0, 1]. Then v1, v2, w1, w2 satisfy v1w1 = −w1v1, v2w2 = −w2v2 and
the pair (v1, v2) is generic.
Proof. It is routine to check the two equalities v1w1 = −w1v1 and v2w2 =
−w2v2. That the pair (v1, v2) is generic comes from the fact that {cos(nπt)+√−1 sin(nπt)}n∈Z is linearly independent in C([0, 1]). We leave the details
to the readers. 
Let X be an infinite set, and [X]2 be the set of all subsets of X with
cardinality 2. For ξ = {x, y} ∈ [X]2 let Aξ be the CAR algebra. We fix
four self-adjoint unitaries vx,y, vy,x, wx,y, wy,x in Aξ such that vx,ywx,y =
−wx,yvx,y, vy,xwy,x = −wy,xvy,x and the pair (vx,y, vy,x) is generic. Such
unitaries exist by Lemma 6.4 because there exists a unital embedding from
C([0, 1],M2(C)) to the CAR algebra.
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We define a UHF algebra A[X]2 byA[X]2 =
⊗
ξ∈[X]2 Aξ
∼=⊗[X]2×ℵ0 M2(C).
For a subset Y of X, we set A[Y ]2 =
⊗
ξ∈[Y ]2 Aξ ⊆ A[X]2 .
Definition 6.5. For a set X, we denote by GX the abelian group consisting
of all finite subsets of X where the operation is the symmetric difference ∆.
We often identify an element x of X with a subset {x} of X. Thus
the group GX is generated by the family {x}x∈X of mutually commuting
involutions. Hence GX is isomorphic to the group
⊕
X(Z/2Z) of the direct
sum of |X| copies of Z/2Z.
For g ∈ GX we define an automorphism αg on A[X]2 by
αg =
⊗
x ∈ g and y /∈ g
Ad vx,y.
If x /∈ g define unitaries Vg;x and Vx;g in A[X]2 via
Vg;x =
∏
y∈g
vy,xvx,y and Vx;g =
∏
y∈g
vx,yvy,x.
Lemma 6.6. If x /∈ g then αg ◦ αx = Ad(Vg;x) ◦ αg∪{x} and αg∪{x} ◦ αx =
Ad(Vx;g) ◦ αg.
Proof. Note that vx,y and vz,t commute unless z = y and x = t. Using x /∈ g
we have
αg ◦ αx =
( ⊗
y∈g and z /∈g
Ad vy,z
)
◦
(⊗
z 6=x
Ad vx,z
)
=
(⊗
y∈g
Ad vy,x ◦
⊗
y∈g and z /∈g∪{x}
Ad vy,z
)
◦
(⊗
z∈g
Ad vx,z ◦
⊗
z /∈g∪{x}
Ad vx,z
)
= Ad(Vg;x) ◦ αg∪{x}
This proves the first equality. Since αx is an involution and Vx;g = V
∗
g;x, the
first equality implies the second equality. 
Let us choose a faithful representation A[X]2 ⊆ B(H) on some Hilbert
space H (see Section 7 for one construction of such a representation). Let
ℓ2(GX ,H) be the Hilbert space consisting of functions ξ : GX → H with∑
g∈GX
‖ξ(g)‖2 <∞. We embed A[X]2 into B(ℓ2(GX ,H)) by
(aξ)(g) = αg(a)ξ(g) ∈ H
for a ∈ A[X]2 , ξ ∈ ℓ2(GX ,H) and g ∈ GX . For each x ∈ X, we define
ux ∈ B(ℓ2(GX ,H)) by
(uxξ)(g) = Vg;x ξ(g ∪ {x}) ∈ H
(uxξ)(g ∪ {x}) = Vx;g ξ(g) ∈ H
for ξ ∈ ℓ2(GX ,H) and g ∈ GX with x /∈ g.
Lemma 6.7. For each x ∈ X, ux is a self-adjoint unitary such that Adux
and αx agree on A[X]2 ⊆ B(ℓ2(GX ,H)).
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Proof. For g ∈ GX such that x /∈ g the subspace ℓ2({g, g ∪ {x}},H) ⊆
ℓ2(GX ,H) is invariant for ux, and ux is represented on it as
ux =
(
0 Vg;x
Vx;g 0
)
.
This shows that ux is a self-adjoint unitary. To show that Adux and αx
agree on A[X]2 ⊆ B(ℓ2(GX ,H)), it suffices to see
Ad(Vx;g) ◦ αg = αg∪{x} ◦ αx
Ad(Vg;x) ◦ αg∪{x} = αg ◦ αx
which is Lemma 6.6. 
By Lemma 6.7 we see that for {x, y} ∈ [X]2 and z ∈ X we have Adux ↾A{x,y}=
Ad vx,y, and Aduz ↾A{x,y}= id if z /∈ {x, y}. In particular, uz commutes with
vx,y unless y = z.
Lemma 6.8. For {x, y} ∈ [X]2 the two self-adjoint unitaries uxvx,y and
uyvy,x commute.
Proof. Take {x, y} ∈ [X]2. First note that for h ∈ GX we have αh(vx,y) =
vy,xvx,yvy,x if y ∈ h and x /∈ h, and αh(vx,y) = vx,y otherwise.
Fix g ∈ GX such that x /∈ g and y /∈ g. The subspace
Hg = ℓ
2
({g, g ∪ {x}, g ∪ {y}, g ∪ {x, y}},H) ⊆ ℓ2(GX ,H)
is invariant for each of ux, uy, vx,y and vy,x. Using the observation in the
beginning of this proof, we see that ux, uy, vx,y and vy,x are represented on
Hg by
ux =


0 Vg;x 0 0
Vx;g 0 0 0
0 0 0 Vg∪{y};x
0 0 Vx;g∪{y} 0

 , vx,y =


vx,y 0 0 0
0 vx,y 0 0
0 0 vy,xvx,yvy,x 0
0 0 0 vx,y

 ,
uy =


0 0 Vg;y 0
0 0 0 Vg∪{x};y
Vy;g 0 0 0
0 Vy;g∪{x} 0 0

 , vy,x =


vy,x 0 0 0
0 vx,yvy,xvx,y 0 0
0 0 vy,x 0
0 0 0 vy,x

 .
Using the computations such as Vx;g∪{y} = Vx;gvx,yvy,x, we see that uxvx,y
and uyvy,x are represented on Hg by
uxvx,y =


0 Vg;xvx,y 0 0
Vx;gvx,y 0 0 0
0 0 0 Vg;xvy,x
0 0 Vx;gvy,x 0

 ,
uyvy,x =


0 0 Vg;yvy,x 0
0 0 0 Vg;yvx,y
Vy;gvy,x 0 0 0
0 Vy;gvx,y 0 0

 .
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The unitaries Vg;x, Vx;g, Vg;y, Vy;g, vx,y and vy,x occurring in entries of these
two matrices commute with each others except that vx,y does not commute
with vy,x. Using this fact, one can show that both (uxvx,y)(uyvy,x) and
(uyvy,x)(uxvx,y) are equal to

0 0 0 Vg;xVg;y
0 0 Vx;gVg;yvx,yvy,x 0
0 Vg;xVy;gvy,xvx,y 0 0
Vx;gVy;g 0 0 0

 .
Therefore uxvx,y and uyvy,x commute. 
Let
B[X]2 := C
∗(A[X]2 ∪ {ux}x∈X) ⊆ B
(
ℓ2(GX ,H)
)
.
For a subset Y ⊆ X, we define
B[Y ]2 := C
∗(A[Y ]2 ∪ {ux}x∈Y ) ⊆ B[X]2 .
Remark 6.9. The C*-algebra B[X]2 does not depend on the choices of em-
beddings A[X]2 ⊆ B(H), and is isomorphic to a cocycle crossed product
A[X]2 ⋊(α,c) GX for an appropriate cocycle action (α, c) (see [15] for defini-
tions of cocycle actions and cocycle crossed products). In fact, the proof of
Proposition 6.10 shows that any C*-algebra generated by A[X]2 ∪ {ux}x∈X
with the relations in Lemma 6.7 and Lemma 6.8 is isomorphic to B[X]2 .
Proposition 6.10. The C*-algebra B[X]2 is a unital LM algebra with χ(B[X]2) =
|X|.
Proof. By Lemma 2.20, we have χ(A[X]2) = |X|. This implies χ(B[X]2) =
|X|.
We are going to show that B[X]2 is a direct limit of CAR algebras. This
implies that B[X]2 is LM. For a finite subset F ⊆ X and an injective map
ι : F → X \ F , define a subalgebra D(F,ι) ⊆ B[X]2 by
D(F,ι) := C
∗
(
B[F ]2 ∪ {wx,ι(x)}x∈F
) ⊆ B[X]2 .
The family {D(F,ι)}(F,ι) of subalgebras is directed because X is infinite, and
its union is dense in B[X]2 . Thus it suffices to show that D(F,ι) is the CAR
algebra for every finite subset F ⊆ X and every injective map ι : F → X \F .
Take a finite subset F ⊆ X and an injective map ι : F → X \ F . For
x ∈ F , we define
u′x := ux
∏
y∈F\{x}
vx,y ∈ D(F,ι).
which is a self-adjoint unitary. Since Lemma 6.7 shows
Adux ↾A[F ]2= αx ↾A[F ]2= Ad
( ∏
y∈F\{x}
vx,y
)
↾A[F ]2 ,
u′x commutes with the subalgebra A[F ]2. The family {u′x}x∈F mutually com-
mutes by Lemma 6.8. For each x ∈ F , the self-adjoint unitary wx,ι(x) ∈
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D(F,ι) commutes with A[F ]2 and {wy,ι(y), u′y}y∈F\{x}, and satisfies u′xwx,ι(x) =
−wx,ι(x)u′x. Therefore C∗(u′x, wx,ι(x)) is isomorphic to M2(C) for x ∈ F by
Lemma 4.1, and the family
{C∗(u′x, wx,ι(x))}x∈F ∪ {A[F ]2}
mutually commutes. Since D(F,ι) is generated by these mutually commuting
subalgebras, we get
D(F,ι) = A[F ]2 ⊗
⊗
x∈F
C∗(u′x, wx,ι(x))
∼=
⊗
|[F ]2|×ℵ0+|F |
M2(C).
We are done. 
Lemma 6.11. Let Y be a nonempty proper subset of X. Take x ∈ Y and
y ∈ X \Y . Then every element in B[Y ]2 ⊆ B[X]2 can be written as avx,y+a′
for a, a′ ∈ ZB[X]2 (A{x,y}).
Proof. Since vx,y is a self-adjoint unitary in A{x,y}, the set of all elements in
the form avx,y+a
′ for a, a′ ∈ ZB[X]2 (A{x,y}) is a subalgebra of B[X]2 . Hence it
suffices to show that the generators A[Y ]2∪{uz}z∈Y of B[Y ]2 are in this form.
We have A[Y ]2 ⊆ ZB[X]2 (A{x,y}) since y /∈ Y . We have uz ∈ ZB[X]2 (A{x,y})
for z ∈ Y \{x}. Finally, we get ux = (uxvx,y)vx,y and uxvx,y ∈ ZB[X]2 (A{x,y}).
We are done. 
Proposition 6.12. If |X| > ℵ1 then B[X]2 is not AF.
Proof. For the sake of obtaining a contradiction, assume that B[X]2 is AF.
Then by Lemma 6.1 there exists a family {bx}x∈X in B[X]2 with ‖ux−bx‖ < 1
for all x ∈ X such that C∗({bx}x∈F ) ⊆ B[X]2 is finite-dimensional for all
finite subsets F of X.
For each x ∈ X, there exists a countable subset Yx of X with x ∈ Yx
such that bx ∈ B[Yx]2 . Since |X| > ℵ1, we can apply Lemma 2.1 to get
{x, y} ∈ [X]2 such that x /∈ Yy and y /∈ Yx. By Lemma 6.11, there exists
ax, a
′
x, ay, a
′
y ∈ ZB[X]2 (A{x,y}) such that bx = axvx,y+a′x and by = ayvy,x+a′y.
Since ‖ux − bx‖ < 1, we have∥∥((ux − bx)− wx,y(ux − bx)wx,y)/2∥∥ < 1.
We have(
bx − wx,ybxwx,y
)
/2 =
(
(axvx,y + a
′
x)− (−axvx,y + a′x)
)
/2 = axvx,y,
and similarly (ux − wx,yuxwx,y)/2 = ux. Hence we get ‖ux − axvx,y‖ < 1.
Thus ‖uxvx,y−ax‖ < 1. Since uxvx,y is a unitary, ax is an invertible element.
Similarly, one can show that ay is also invertible.
By the assumption, C∗({bx, by}) is finite-dimensional. Therefore {(bxby)n}∞n=0
is linearly dependent. Hence there exist N ∈ N and λ0, λ1, . . . , λN ∈ C with
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λN 6= 0 such that
∑N
n=0 λn(bxby)
n = 0. We can write
N∑
n=0
λn(bxby)
n =
N∑
n=0
λn
(
(axvx,y + a
′
x)(ayvy,x + a
′
y)
)n
=
∑
v∈V
fvv
where
V := {1, vx,y, vy,x, vx,yvy,x, vy,xvx,y, vx,yvy,xvx,y, vy,xvx,yvy,x, . . . , (vx,yvy,x)N}
and for each v ∈ V , fv ∈ ZB[X]2 (A{x,y}) is a sum of products of λ0, λ1, . . . , λN ∈
C and ax, a
′
x, ay, a
′
y ∈ ZB[X]2 (A{x,y}). Since V ⊆ A{x,y} is linearly in-
dependent, we get fv = 0 for all v ∈ V by Lemma 6.2. In particular,
f(vx,yvy,x)N = λN (axay)
N ∈ ZB[X]2 (A{x,y}) is 0. This cannot happen because
λN 6= 0 and both ax and ay are invertible. Thus we get a contradiction. We
are done. 
Remark 6.13. When |X| = ℵ0, B[X]2 is a UHF algebra (in fact CAR
algebra) by Glimm’s theorem [11, Theorem 1.13]. When |X| = ℵ1, B[X]2
is a unital AM algebra by Proposition 6.10 and Theorem 1.3 (1). In this
case one can show that B[X]2 is not UHF in a similar (but much more
complicated) way to the proof of Proposition 4.5 (2) (see [10]).
Remark 6.14. As we pointed out in Remark 4.2, the examples in Section 4
of unital AM algebras which are not UHF are obtained as crossed products
of UHF algebras by the group Z/2Z. The examples in this section of unital
LM algebras which are not AM are obtained as cocycle crossed products (see
Remark 6.9). However we do not know the following.
Problem 6.15. Find an example of a unital LM algebra which is not AM
such that it is obtained as a crossed product of a unital AM (or UHF) algebra
by a discrete group.
Remark 6.16. We can solve the non-unital version of this problem using the
examples in this section. In fact, by [15, Corollary 3.7] the tensor product
B[X]2 ⊗ K is obtained as an (ordinary) crossed product of A[X]2 ⊗ K by
the group GX where K := K
(
ℓ2(GX)
)
is the non-unital AM algebra of all
compact operators on the Hilbert space ℓ2(GX). Thus for every cardinal
κ > ℵ1, there exists an example of a non-unital LM algebra with character
density κ which is not AM such that it is obtained as a crossed product of
a non-unital AM algebra by a discrete group. Note that B[X]2 ⊗ K is not
AM if B[X]2 is not AM because every corner of an AM algebra is AM.
The same comments can be applied to LF and AF instead of LM and
AM.
7. Representation density and character density
The purpose of this section is to give an answer to the half of the question
raised by Masamichi Takesaki when the second author gave a talk on this
paper. We could not answer the other half (Problem 7.19). The proof uses
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the construction (Proposition 7.12) that was given by Bruce Blackadar when
the first author gave a talk. Both authors would like to thank Masamichi
Takesaki and Bruce Blackadar.
For a Hilbert space H, we also denote by χ(H) the smallest cardinality
of a dense subset of H. Note that for an infinite-dimensional Hilbert space
H and an infinite set X, we get χ(H) = |X| if and only if H is isomorphic
to ℓ2(X).
Definition 7.1. The representation density χr(A) of a C*-algebra A is
the smallest cardinal χ(H) where H is a Hilbert space on which A can be
faithfully represented.
Note that both the representation density χr and the character density χ
(Definition 1.2) are monotonic in the sense that if A is a subalgebra of B
then the density of B is not smaller than the density of A.
Since these cardinal invariants of C*-algebras were apparently not consid-
ered previously, the reader will hopefully excuse us for starting this section
by listing a few trivial statements.
Lemma 7.2. For every C*-algebra A we have that
χ(A) ≥ sup{|X| : X is a family of commuting projections in A}
χr(A) ≥ sup
{|X| : X is a family of nonzero orthogonal projections in A}.
Proof. For the first part note that if p and q are distinct commuting projec-
tions then ‖p − q‖ = 1. The second part is obvious. 
Lemma 7.3. For every infinite-dimensional Hilbert space H we have
χ
(
B(H)
)
= |B(H)| = 2χ(H).
Proof. Let us choose an infinite set X with |X| = χ(H), and identify H
with ℓ2(X). For a subset Y ⊆ X, let pY ∈ B(H) be the projection onto the
subspace ℓ2(Y ) ⊆ H. Then {pY }Y⊆X is a family of commuting projections
of size 2|X|. Thus we have χ(B(H)) ≥ 2|X| by Lemma 7.2. For x, y ∈ X,
p{x}B(H)p{y} is one dimensional, and the map
B(H) ∋ T 7→ (p{x}Tp{y})x,y∈X ∈ ∏
x,y∈X
(
p{x}B(H)p{y}
) ∼= ∏
x,y∈X
C
is injective. Hence we get χ(B(H)) ≤ |B(H)| ≤ |C||X×X| = 2|X|. We are
done. 
If K = 22
ℵ0 with the product topology then C(K) ∼= ⊗2ℵ0 C2 is an
abelian C*-algebra with character density 2ℵ0 and representation density
ℵ0. The first claim follows by Lemma 2.20. The second claim follows from
the fact that K is, being a product of 2ℵ0 separable spaces, separable by the
Hewitt–Marczewski–Pondiczery Theorem (see e.g., [7, Corollary 2.3.16]).
See also Corollary 7.7, Theorem 7.17 and Problem 7.19.
Lemma 7.4. For every C*-algebra A we have χr(A) ≤ χ(A) ≤ 2χr(A).
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Proof. Choose a subset X ⊆ A with |X| = χ(A). For each x ∈ X, there
exists a cyclic representation πx : A → B(Hx) with ‖πx(x)‖ = ‖x‖ (see [2,
Corollary II.6.4.9]). Since Hx has a cyclic vector for πx, we have χ(Hx) ≤
χ(A). Then the representation
π :=
⊕
x∈X
πx : A→ B
(⊕
x∈X
Hx
)
is faithful, and
χ
(⊕
x∈X
Hx
)
=
∑
x∈X
χ(Hx) ≤ |X| × χ(A) = χ(A)
Hence χr(A) ≤ χ(A). The second inequality χ(A) ≤ 2χr(A) follows from
Lemma 7.3. 
Lemma 7.5. Let X0 ∋ x 7→ ξx ∈ H be a map from a set X0 to a Hilbert
space H such that |X0| > χ(H). Then for every ε > 0, there exists X1 ⊆ X0
with |X1| > χ(H) such that ‖ξx − ξy‖ < ε for every x, y ∈ X1.
Proof. Choose a dense subset Y ⊆ H with |Y | = χ(H). For each x ∈ X0
there exists η(x) ∈ Y such that ‖ξx−η(x)‖ < ε/2. Since |X0| > χ(H) = |Y |,
there exists η ∈ Y such that the setX1 := {x ∈ X0 : η(x) = η} ⊆ X0 satisfies
|X1| > χ(H). Then for every x, y ∈ X1, we get
‖ξx − ξy‖ ≤ ‖ξx − η‖+ ‖ξy − η‖ < ε. 
Proposition 7.6. For a family {Ax}x∈X of nonabelian unital C*-algebras,
the representation density of the tensor product A =
⊗
x∈X Ax is at least
|X|.
Proof. Assume the contrary and fix a faithful representation π : A→ B(H)
for a Hilbert space H with |X| > χ(H). Note that this assumption implies
that X is uncountable. For each x ∈ X, fix ax and bx in the unit ball of Ax
such that axbx 6= bxax. Since π is faithful, we can choose a vector ξx ∈ H
such that
π(axbx − bxax)ξx 6= 0.
Since X is uncountable, there exist δ > 0 and a subset X0 ⊆ X with
|X0| > χ(H) such that for all x ∈ X0 we have
‖π(axbx − bxax)ξx‖ ≥ δ.
Set ε = δ/4 > 0. In this proof, we write a ≈ε b if ‖a − b‖ < ε. Since
|X0| > χ(H), we can apply Lemma 7.5 to {ξx}x∈X0 and ε > 0 to get
X1 ⊆ X0 with |X1| > χ(H) such that ξx ≈ε ξy for every x, y ∈ X1. By
applying Lemma 7.5 three more times to {π(ax)ξx}x∈X1 and so on, we get
X4 ⊆ X1 with |X4| > χ(H) such that
π(ax)ξx ≈ε π(ay)ξy, π(bx)ξx ≈ε π(by)ξy,
π(bxax)ξx ≈ε π(byay)ξy
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for every x, y ∈ X4. Since |X4| > χ(H) ≥ ℵ0, we can take two distinct
x, y ∈ X4. Then we have
π(axbx)ξx = π(ax)π(bx)ξx ≈ε π(ax)π(by)ξy = π(axby)ξy ≈ε π(axby)ξx
=
π(bxax)ξx ≈ε π(byay)ξy = π(by)π(ay)ξy ≈ε π(by)π(ax)ξx = π(byax)ξx
because ax ∈ Ax ⊆ A and by ∈ Ay ⊆ A commute. Thus we get∥∥π(axbx − bxax)ξx∥∥ < 4ε = δ,
which is a contradiction. This completes the proof. 
Corollary 7.7. If A is a UHF algebra then χ(A) = χr(A). 
With the possible exception of the algebras AX,Y as defined in §3, each
example of an AM, or even LM, algebra given so far has a UHF subalge-
bra with the same character density. Since the algebras AX,Y are tensor
products of separable algebras, Proposition 7.6 implies that for each AM or
LM algebra A so far defined in this paper we have χ(A) = χr(A). We are
going to show that χ(A) can be any cardinality between χr(A) and 2
χr(A)
for unital AM algebras A.
Let X be an infinite set. As in Section 4, let Ax be a C*-algebra generated
by two self-adjoint unitaries vx, wx with vxwx = −wxvx for each x ∈ X, and
let AX :=
⊗
x∈X Ax. By Lemma 4.1, Ax
∼= M2(C) for each x ∈ X and
hence AX ∼=
⊗
X M2(C) is a UHF algebra. For each Y ⊆ X, we set
AY :=
⊗
x∈Y
Ax ⊆ AX .
We are going to use the GNS representation of AX associated with the
unique tracial state of AX . For the reader’s convenience we explain what
it is. For each finite subset F ⊆ X, there exists a unique linear functional
τF : AF → C satisfying the trace condition τF (ab) = τF (ba) for a, b ∈ AF and
the normalized condition τF (1) = 1. If |F | = n, then we have τF = 2−nTr
where Tr is the usual trace of AF ∼= M2n(C). It is easy to see that τF is
positive and faithful, that is, τF (a
∗a) > 0 for all a ∈ AF \ {0}. Let AfinX :=⋃
F⊆X AF ⊆ AX where F runs all finite subsets of X. By the uniqueness of
the tracial state τF , we get τF ′ ↾AF= τF for two finite subsets F ⊆ F ′ ⊆ X.
Thus we get a linear map τ : AfinX → C such that τ ↾AF= τF for every finite
subset F ⊆ X. Although we do not need it, we would like to remark that τ
can be extended to the unique tracial state of AX (cf. [5, Lemma I.9.5]). We
define an inner product on AfinX by A
fin
X × AfinX ∋ (a, b) 7→ τ(ab∗) ∈ C. Then
the completion HX of A
fin
X with respect to the norm coming from the inner
product defined as above becomes a Hilbert space. The embedding from AfinX
to HX is denoted by A
fin
X ∋ a 7→ aˆ ∈ HX . The image of this embedding is
dense in HX . For each finite subset F ⊆ X and each a ∈ AF , it is easy to see
that the map bˆ 7→ âb extends to a bounded operator onHX . Thus we get a ∗-
homomorphism πF : AF → B(HX) such that πF (a)(̂b) = âb for a ∈ AF and
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b ∈ AfinX . We have πF ′ ↾AF= πF for two finite subsets F ⊆ F ′ ⊆ X. Since
the family {π{x}[A{x}]}x∈X mutually commutes, we get a representation
π : AX → B(HX) such that π ↾AF= πF for every finite subset F ⊆ X. This
representation is called the GNS representation associated with τ . Since
π(a)(â∗) = âa∗ 6= 0 for all F ⊆ X and all a ∈ AF \ {0}, π is injective. In
order to simplify the notation we identify AX with the subalgebra π[AX ] of
B(HX).
Lemma 7.8. We have χ(HX) = |X|.
Proof. Since the union of finite-dimensional subspaces {aˆ ∈ HX | a ∈ AF }
for finite subsets F ⊆ X is dense in HX , we have χ(HX) ≤ |X|. For distinct
x, y ∈ X, we have τ(uxuy) = 0 because
τ(uxuy) = τ(wx(wxuxuy)) = τ((wxuxuy)wx)
= τ(wxux(wxuy)) = τ(wx(−wxux)uy) = −τ(uxuy).
Hence we get
‖ûx − ûy‖2 = τ((ux − uy)(ux − uy)) = τ(2− 2uxuy) = 2
for all x, y ∈ X with x 6= y. This shows that χ(HX) ≥ |X|. Thus we get
χ(HX) = |X|. 
We can consider the power-set P(X) of a set X as an abelian group with
respect to the symmetric difference. This group is naturally isomorphic
to the direct product of X copies of Z/2Z. For g ∈ P(X) consider an
automorphism of AX defined by
αg =
⊗
x∈g
Ad vx.
Then α defines an action of P(X) on AX . For each g ∈ P(X), the automor-
phism αg preserves the subalgebra AF ⊆ AX and satisfies τF ◦ αg = τF for
every finite subset F ⊆ X. Hence we get an element ug ∈ B(HX) such that
ug (̂b) = αg (̂b) for b ∈ AfinX .
Lemma 7.9. The elements {ug}g∈P(X) ⊆ B(HX) are self-adjoint unitaries
satisfying ugaug = αg(a) and uguh = ugh for a ∈ AX ⊆ B(HX) and g, h ∈
P(X).
Proof. Take g ∈ P(X). Since αg preserves τ , the element u∗g ∈ B(HX) sat-
isfies u∗g (̂b) = α
−1
g (̂b) for b ∈ AfinX . Hence ug is a unitary. This is self-adjoint
because α−1g = αg. The latter two equalities follow from the equations
αg(aαg(b)) = αg(a)b and αg(αh(b)) = αgh(b) for b ∈ AX . 
Definition 7.10. For an infinite set X and a subgroup Γ ⊆ P(X) we define
BX,Γ := C
∗(AX ∪ {ug}g∈Γ) ⊆ B(HX).
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Remark 7.11. One can show that BX,Γ is isomorphic to the crossed product
AX ⋊α Γ. In particular BX in Section 4 is isomorphic to BX,Γ for Γ =
{∅,X} ∼= Z/2Z.
Proposition 7.12. The C*-algebra BX,Γ satisfies χ(BX,Γ) = |X|+ |Γ| and
χr(BX,Γ) = |X|.
Proof. We have χ(AX) = |X| by Lemma 2.20. On the other hand, we have
χ(C∗({ug}g∈Γ)) ≥ |Γ| by Lemma 7.2 because {(ug + 1)/2}g∈Γ is a family of
commuting projections. Since BX,Γ is generated by AX and {ug}g∈Γ, we get
|X|+ |Γ| = max{|X|, |Γ|} ≤ χ(BX,Γ) ≤ |X|+ |Γ|
This shows χ(BX,Γ) = |X|+ |Γ|. Since BX,Γ ⊆ B(HX), we have χr(BX,Γ) ≤
χ(HX) = |X| by Lemma 7.8. We also have χr(BX,Γ) ≥ χr(AX) = |X| by
Corollary 7.7. Hence we get χr(BX,Γ) = |X|. 
Proposition 7.13. The unital C*-algebra BX,Γ is AM if every finite subset
of Γ is included in a subgroup generated by g1, g2, . . . , gn ∈ Γ which are
infinite and mutually disjoint.
Proof. Take mutually disjoint infinite elements g1, g2, . . . , gn ∈ Γ. Take a
finite subset F of X and choose xi ∈ gi \ F for i = 1, 2, . . . , n. Let Λ be the
set of all such data λ = ({gi}ni=1, F, {xi}ni=1), and define
Dλ := C
∗
({ugi}ni=1 ∪AF ∪ {wxi}ni=1) ⊆ BX,Γ.
By the assumption of Γ, the family {Dλ}λ∈Λ of subalgebras is directed and
its union is dense in B[X]2 . We are going to show Dλ ∼= M2m+n(C) for
λ = ({gi}ni=1, F, {xi}ni=1) as above where m = |F |. This implies that B[X]2
is AM, and hence completes the proof. For i ∈ {1, 2, . . . , n} define
u′i = ugi
∏
x∈F∩gi
vx ∈ Dλ.
Since
Adugi ↾AF= Ad
( ∏
x∈F∩gi
vx
)
↾AF ,
u′i is a self-adjoint unitary and commutes with the subalgebra AF . It is
easy to see that the family {u′i}ni=1 mutually commutes. Since xi ∈ gi \ F
and gi is disjoint from gj for j 6= i, we have that wxi commutes with AF
and {u′j , wxj}j 6=i. Finally wxi and u′i anti-commute because so do wxi and
ugi . Therefore C
∗(u′i, wxi) is isomorphic to M2(C) for i ∈ {1, 2, . . . , n} by
Lemma 4.1, and the family
{C∗(u′i, wxi)}ni=1 ∪ {AF }
mutually commutes. Since Dλ is generated by these mutually commuting
subalgebras, we get
Dλ =
( n⊗
i=1
C∗(u′i, wxi)
)
⊗AF ∼=
⊗
n+|F |
M2(C) ∼=M2n+m(C),
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as required. 
Remark 7.14. For finite g ∈ P(X), we have αg = Ad
(∏
x∈g vx
)
. From
this fact, one can show that BX,Γ is not AM if Γ contains a finite nonempty
element g (one can also show that BX,Γ is always AF). Thus in order for BX,Γ
to be AM it is necessary that every g ∈ Γ\{∅} is infinite. One can show that
this is also sufficient although its proof becomes significantly complicated
compared with Proposition 7.13. We shall not need such generality for
proving Theorem 7.17.
Remark 7.15. One can show that BX,Γ is not UHF when |X| ≥ ℵ1 and
Γ 6= {∅} in a similar way to the proof of Proposition 4.5 (2). We omit the
proof because we do not need this (see the proof of Theorem 7.17 for some
special cases). One can also show that ZBX,Γ(AX) = C1 holds when every
g ∈ Γ\{∅} is infinite (even in the case χ(AX) < χ(BX,Γ)). This shows that a
generalization of question [6, Problem 8.3] for nonseparable AM algebras has
a very strong negative answer (see Corollary 4.6). The authors would like
to thank Bruce Blackadar for pointing out the phenomenon ZBX,Γ(AX) =
C1. This strong phenomenon does not occur for UHF algebras because we
can show χ(ZB(A)) = χ(B) for a subalgebra A of a UHF algebra B with
χ(A) < χ(B), and hence in this case ZB(A) is huge.
Lemma 7.16. For every cardinal κ with |X| ≤ κ ≤ 2|X|, there exists a
subgroup Γ ⊆ P(X) with |Γ| = κ such that every finite subset of Γ is included
in a subgroup generated by g1, g2, . . . , gn ∈ Γ which are infinite and mutually
disjoint.
Proof. Take a subset Y ⊆ P(X) with |Y | = κ. Let Γ0 be the Boolean subal-
gebra of P(X) generated by Y , that is the smallest subset of P(X) containing
Y and closed under taking unions, intersections and complements. Then Γ0
is a subgroup of P(X) with |Γ0| = κ. Choose a bijection ι : X ×N→ X and
define an injective homomorphism
ϕ : P(X) ∋ g 7→ ι[g × N] ∈ P(X).
Let Γ := ϕ[Γ0] ⊆ P(X). Then every finite subset of Γ is included in a
finite Boolean subalgebra of Γ. If g1, g2, . . . , gn ∈ Γ are the atoms of this
subalgebra then they clearly satisfy the requirements. 
Theorem 7.17. For every pair of infinite cardinals κ and ν with κ ≥ ℵ1
and ν ≤ κ ≤ 2ν, there exists a unital AM algebra of character density κ and
representation density ν which is not UHF.
Proof. For κ = ν ≥ ℵ1, the example BX in Proposition 4.5 for |X| = κ
is a unital AM algebra of character density κ and representation density ν
which is not UHF. Suppose ν < κ ≤ 2ν . Take a set X with |X| = ν. By
Lemma 7.16, there exists a subgroup Γ ⊆ P(X) with |Γ| = κ satisfying
the assumption of Proposition 7.13. Then BX,Γ is a unital AM algebra of
character density κ and representation density ν by Proposition 7.12 and
Proposition 7.13. This is not UHF by Corollary 7.7. 
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From Theorem 7.17 we have the following.
Corollary 7.18. There is a unital AM algebra faithfully represented on a
separable Hilbert space that is not a UHF algebra. 
This corollary answers a half of the question raised by Masamichi Take-
saki. The following is the other half which we could not answer.
Problem 7.19. Is there an LM algebra faithfully represented on a separable
Hilbert space which is not AM?
Since χ
(
B(ℓ2(N))
)
= 2ℵ0 , by Theorem 1.3 (1) there is no such a C*-
algebra if we assume the continuum hypothesis 2ℵ0 = ℵ1. We do not know
what happens if we do not assume the continuum hypothesis.
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